The singular limit of the Water-Waves equations in the rigid lid regime
Introduction
We recall here classical formulations of the Water Waves problem. We then shortly introduce the meaningful dimensionless parameters of this problem, and introduce the so called rigid lid equations. We then present the main result of this paper.
Formulations of the Water Waves problem
The Water Waves problem puts the motion of a fluid with a free surface into equations. We recall here two equivalent formulations of the Water Waves equations for an incompressible and irrotationnal fluid.
Free surface d-dimensional Euler equations
The motion, for an incompressible, inviscid and irrotationnal fluid occupying a domain Ω t delimited below by a flat bottom and above by a free surface is described by the following quantities:
-the velocity of the fluid U " pV, wq, where V and w are respectively the horizontal and vertical components;
-the free top surface profile ζ;
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All these functions depend on the time and space variables t and pX, zq P Ω t . The domain of the fluid at the time t is given by Ω t " tpX, zq P R d`1 ,´H 0 ă z ă ζpt, Xqu, where H 0 is the typical depth of the water. The unknowns pU, ζ, P q are governed by the Euler equations:
B t U`U¨∇ X,z U "´1 ρ ∇P´ge z in Ω t divpU q " 0 in Ω t curlpU q " 0 in Ω t .
(1.1)
We denote here´ge z the acceleration of gravity, where e z is the unit vector in the vertical direction, and ρ the density of the fluid. Here, ∇ X,z denotes the d`1 dimensional gradient with respect to both variables X and z. B t ζ`V¨∇ζ´w " 0 U¨n " 0 on tz "´H 0 u P " P atm on tz " ζpt, Xqu.
(1.2)
In these equations, V and w are the horizontal and vertical components of the velocity evaluated at the surface. The vector n in the last equation stands for the normal upward vector at the bottom pX, z "´H 0 q. We denote P atm the constant pressure of the atmosphere at the surface of the fluid. The first equation of (1.2) states the assumption that the fluid particles do not cross the surface, while the last equation of (1.2) states the assumption that they do not cross the bottom. The equations (1.1) with boundary conditions (1.2) are commonly referred to as the free surface Euler equations.
Craig-Sulem-Zakharov formulation
Since the fluid is by hypothesis irrotational, it derives from a scalar potential:
Zakharov remarked in [17] that the free surface profile ζ and the potential at the surface ψ " Φ |z"ζ fully determine the motion of the fluid, and gave an Hamiltonian formulation of the problem. Later, Craig-Sulem, and Sulem ( [8] and [9] ) gave a formulation of the Water Waves equation involving the Dirichlet-Neumann operator. The following Hamiltonian system is equivalent (see [12] and [1] for more details) to the free surface Euler equations (1.1) and (1.2):
where the unknowns are ζ (free surface profile) and ψ (velocity potential at the surface) with t as time variable and X P R d as space variable. The fixed bottom profile is b, and G stands for the DirichletNeumann operator, that is
Gψ " Grζsψ " a 1`|∇ζ| 2 B n Φ |z"ζ , where Φ stands for the potential, and solves Laplace equation with Neumann (at the bottom) and Dirichlet (at the surface) boundary conditions: # ∆ X,z Φ " 0 in tpX, zq P R dˆR ,´H 0`b pXq ă z ă ζpXqu φ |z"ζ " ψ, B n Φ |z"´H0 " 0, (1.4) with the notation, for the normal derivative B n Φ |z"´H0 " ∇ X,z ΦpX,´H 0 q¨n where n stands for the normal upward vector at the bottom pX,´H 0 q. See also [12] for more details.
Dimensionless equations
Since the properties of the solutions depend strongly on the characteristics of the fluid, it is more convenient to non-dimensionalize the equations by introducing some characteristic lengths of the wave motion:
(1) The characteristic water depth H 0 ;
(2) The characteristic horizontal scale L x in the longitudinal direction;
(3) The characteristic horizontal scale L y in the transverse direction (when d " 2);
(4) The size of the free surface amplitude a surf ;
Let us then introduce the dimensionless variables:
and the dimensionless variables:
After rescaling, several dimensionless parameters appear in the equation. They are
where ε, µ, γ are commonly referred to respectively as "nonlinearity", "shallowness" and "transversality" parameters.
For instance, the Zakharov-Craig-Sulem system (1.3) becomes (see [12] for more details) in dimensionless variables (we omit the "primes" for the sake of clarity): 5) where G µ,γ rεζsψ stands for the dimensionless Dirichlet-Neumann operator, G µ,γ rεζsψ " a 1`ε 2 |∇ γ ζ| 2 B n Φ |z"εζ " pB z Φ´µ∇ γ pεζq¨∇ γ Φq |z"εζ , where Φ solves the Laplace equation with Neumann (at the bottom) and Dirichlet (at the surface) boundary conditions # ∆ µ,γ Φ " 0 in tpX, zq P R dˆR´1 ă z ă εζpXqu
We used the following notations:
and B n Φ |z"´1 " pB z Φ´µ∇ γ pβbq¨∇ γ Φq |z"´1 .
The rigid lid model
The Euler system (1.1),(1.2), can be written in the dimensionless variables:
(1.7)
We changed the pressure into hydrodynamic pressure P " P´pz´εζq and set P atm " 0. The rigid lid model models the motion of the fluid as if the top surface was fixed at z " 0 (see for instance [6] ).
But to derive this model, we do not brutally take ε " 0 in the Euler system (1.7) but rather start by a change of time scale, and a change of scale for the pressure:
Formally, if one takes the limit ε goes to zero in the newly scaled Euler equations, one finds the following so called rigid lid equations (we omit the "primes" for the sake of clarity):
where Ω is now the fixed domain
Reminder on the local existence for the Water-Waves equations with flat bottom
We briefly give some reminders about the local well-posedness theory for the Water-Waves equations and their local existence (see [12] Chapter 4 for a complete study, and also [11] ). After scaling
as for the rigid lid equation, one gets from (1.5) the equations:
(1.9)
As explained above, we prove later that the solutions of the full Water-Waves equations (1.9) converge strongly to the solutions of the linearized equations (2.23). The strategy is to treat the non-linear terms of the Water-Waves equations as a perturbation of the linearized equation.
Let t 0 ą d{2 and N ě t 0`t0 _ 2`3{2 (where a _ b " suppa, bq). The energy for the Water-Waves equations is the following (see Section 1.5 for the notations):
where ζ pαq , ψ pαq are the so called Alinhac's good unknowns:
and where P is the differential operator defined by
The operator P is of order 1{2 and acts as the square roots of the Dirichlet-Neumann operator, since there exists M 0 " Cp 1 hmin , |ζ| H t 0`1 q where C is a non decreasing function of its arguments, such that
(1.10)
We consider solutions U " pζ, ψq of the Water-Waves equations in the following space:
The following quantity, called the Rayleigh-Taylor coefficient plays an important role in the Water-Waves problem:
apζ, ψq " 1`εpεB t`ε V¨∇ γ qw "´ε P 0 ρag pB z P q |z"εζ .
We can now state the local existence result by Alvarez-Samaniego Lannes (see [2] and [12] Chapter 3):
and moreover assume that:
Dh min ą 0, Da 0 ą 0, 1`εζ 0 ě h min and apU 0 q ě a 0 .
Then, there exists T ą 0 and a unique solution U ε P E N T to (1.9) with initial data U 0 . Moreover,
and sup
Remark 1.2 Note that the time existence provided by Theorem 1.1 does not depend on ε. Actually, the full Theorem in non flat bottom (see [12] ) states that the time of existence for the equations in the original scaling (1.5) is of size 1 ε_β where β is the size of the topography. In our case, β " 0 and therefore one gets a time of existence of size 1 ε for (1.5), and of size 1 for the rescaled equations (1.9). In the case of a non flat bottom, this long time result stands true in presence of surface tension (see [15] ).
Main result
We investigate in this paper the rigorous limit ε goes to zero in the rescaled Euler equation (1.7) in view of the mathematical justification of the derivation of the rigid lid model (1.8). However, as one shall see in Section 2.1, the only solutions of the rigid lid equations are trivially null. Though the rigid lid model does not then seem of much interest, it implies that the solutions of the rescaled Euler equations (1.7) converge weakly to zero as ε goes to zero. In [4] , the same limit in the rigid lid regime is investigated by Bresch and Métivier for the Shallow-Water equations with large bathymetry, which consist in an asymptotic model for the Water-Waves problem in the shallow water regime (µ small). They prove that the rescaled equations are well-posed on a time interval independent on ε (which is equivalent to a large time of existence of size 1 ε for the system written in the original variables) and they rigorously pass to the limit as ε goes to zero, and prove the weak convergence of the solutions.
In [15] , a similar long time existence result is proved for the Water-Waves equations with large bathymetry and with surface tension. The local existence result (1.1) implies that (we don't give a precise statement) that there exists T ą 0, and a unique solution pζ, ψq P C 1 pr0; T ε s; H NˆH N`1{2 pR dto the Water-Waves equations (1.5). Moreover, one has:
where C i are continuous functions of their arguments, and are independent on µ, ε. The bound on the solutions given by (1.11) is uniform with respect to ε, which allows by a compactness argument to extract a convergent sub-sequence of solutions as ε goes to zero. The limit should be zero (at least for ψ) as we discussed above. The question is to understand if the convergence is strong in Cpr0; T s; H N´1Ĥ N´1{2 pR d qq, i.e. "globally in time and space". In this paper, we complete the study of the rigid lid limit for the Water-Waves problem, and give an answer to this question.
Since the equations (1.5) have the structure of a Hamiltonian equation, the following quantity is conserved:
We recall that G is symmetric and positive for the L 2 scalar product. Therefore, even after the time change of scale t 1 " εt and the limit ε goes to zero, the Hamiltonian is conserved and the strong convergence in L 2 of the unknowns cannot be (except in particular cases). In Section 2.2, we precisely try to highlight the default of compactness that prevents the strong convergence in dimension 1, in presence of a flat bottom. As one shall see, the default comes from the linear operator of the Water-Waves equations which has quite a similar behavior to the wave equation. In Section 3, we prove the equivalence between the Water-Waves equations and the Euler equations, which completes the study of the weak but not strong convergence to zero in Sobolev spaces for the solutions of the Euler equation (1.7) 
Notations
We introduce here all the notations used in this paper.
Operators and quantities
Because of the use of dimensionless variables (see before the "dimensionless equations" paragraph), we use the following twisted partial operators:
Remark 1.3 All the results proved in this paper do not need the assumption that the typical wave lengths are the same in both directions, ie γ " 1. However, if one is not interested in the dependence of γ, it is possible to take γ " 1 in all the following proofs. A typical situation where γ ‰ 1 is for weakly transverse waves for which γ " ? µ; this leads to weakly transverse Boussinesq systems and the Kadomtsev-Petviashvili equation (see [13] ).
We use the classical Fourier multiplier
defined by its Fourier transform as
The operator P is defined as
where F pf pDquqpξq " f pξqF puqpξq is defined for any smooth function f of polynomial growth and u P S 1 pR d q. The pseudo-differential operator P acts as the square root of the Dirichlet-Neumann operator (see (1.10)). We denote as before by G µ,γ the Dirichlet-Neumann operator, which is defined as followed in the scaled variables:
where Φ solves the Laplace equation
For the sake of simplicity, we use the notation Grεζsψ or even Gψ when no ambiguity is possible.
The Dirichlet-Neumann problem
In order to study the Dirichlet-Neumann problem (1.4), we need to map Ω t into a fixed domain (and not on a moving subset). For this purpose, we introduce the following fixed strip:
and the diffeomorphism
(1.14)
It is quite easy to check that Φ is the variational solution of (1.4) if and only if φ " Φ˝Σ ε t is the variational solution of the following problem: 15) and where P pΣ
where J Σ ε t is the jacobian matrix of the diffeomorphism Σ ε t . For a complete statement of the result, and a proof of existence and uniqueness of solutions to these problems, see [12] Chapter 2.
We introduce here the notations for the shape derivatives of the Dirichlet-Neumann operator. More precisely, we define the open set Γ Ă H t0`1 pR d q as:
and, given a ψ P . H s`1{2 pR d q, the mapping:
We can prove the differentiability of this mapping. See Appendix A for more details. We denote d j Gph, kqψ the j-th derivative of the mapping at pζ, bq in the direction ph, kq. When we only differentiate in one direction, and no ambiguity is possible, we simply denote d j Gphqψ or d j Gpkqψ.
Functional spaces
The standard scalar product on L 2 pR d q is denoted by p , q 2 and the associated norm |¨| 2 . We will denote the norm of the Sobolev spaces
We introduce the following functional Sobolev-type spaces, or Beppo-Levi spaces:
endowed with the (semi) norm |u| 9
is a Banach space (see for instance [10] ).
The space variables z P R and X P R d play different roles in the equations since the Euler formulation (1.1) is posed for pX, zq P Ω t . Therefore, X lives in the whole space R d (which allows to take fractional Sobolev type norms in space), while z is actually bounded. For this reason, we need to introduce the following Banach spaces:
The rigid lid limit for the Water-Waves equations
We prove in this section that the solutions of the linearized Water-Waves equations in flat bottom converge weakly but non strongly in L 2 as ε goes to zero, in the rigid lid regime. We then prove the strong convergence in L 
Remark 2.1
The hypothesis "d " 1" can be removed, if one can prove a dispersive estimate for the linear operator of the Water-Waves equation of the form of Theorem 2.9, in dimension d " 2. The flat bottom hypothesis seems however less easy to remove, due to technical reasons, such as the complexity of the asymptotic expansion of G with respect to the surface when the bottom is non flat.
Solutions of the rigid lid equations
We recall the formulation of the rigid lid equations with a flat bottom (see also [6] for reference):
where Ω is the fixed domain
We prove here that in fact, there is only one trivial solution to the system (2.16):
Lemma 2.2 Let us consider the following div-curl problem:
with the above notations. Then, the unique solution in 9 H 1 pΩq to the system (2.17) is U " 0.
Proof The vector field U " 0 is of course a solution to the system (2.17). Let us now consider a solution U to this problem. The curl free condition over U states that there exists a potential Φ such that
With the boundary conditions (recall that w is the vertical component of the velocity at the surface), the potential Φ satisfies the following Laplace equation:
where n denotes the upward normal vector in the vertical direction. It is well known (see for instance [12] Chapter 2 and Appendix A) that the unique solution to this system in 9
Let us explain this result on a physical point of view. The rigid-lid equations are obtained after scaling the time t 1 " εt in the free surface Euler equations, and passing to the limit as ε goes to zero. Therefore, in the original time variable, t " t 1 ε , the rigid lid limit consists in letting the amplitude of the waves goes to zero AND moving forward in time at a rate 1 ε . At the limit, after an infinite time, all the interesting components of the waves moved to˘8 and there only remains a static fluid (U " 0) with a flat surface. It is possible that some vortices remain, but they are not seen by the model (curlpUq " 0). One could generalize the study lead in this paper to the Water-Waves equation with vorticity (see [7] ).
The linearized equation around ζ " 0 in the rigid lid regime
We prove here that the solutions to the Water-Waves equations do not converge strongly in L 2 as ε goes to zero. To this purpose, we study the lack of compactness induced by the linear operator of the Water-Waves equations. We recall that in the rigid lid regime, we perform a time scaling
The Water-Waves equations can be written in dimensionless form, and in the rigid lid scaling:
(2.18) 1 In fact the result stands even if the bottom is non flat.
Since we are interested in the convergence as ε goes to zero, we write this system under the form:
We will treat the non-linear terms f, g present in (2.19) as a perturbation of the linearized equations.
To this purpose, we start to study the solutions of the linearized system:
where G 0 " Gr0s is the Dirichlet-Neumann operator in flat bottom and flat surface, and is given by (see for instance [12] Chapter 1):
It is easy to check that the solution ζ of (2.20) satisfies the following equation:
The equation (2.22) looks like a wave equation, except that G 0 is not exactly an order two operator (since it acts like an order one operator for high frequencies). In the case of the wave equation on
with u 0 , u 1 smooth, the solutions have components of the form
(plus other terms we do not detail). Each of these two components converges pointwise to 0 as ε goes to zero (since u 0 pt, xq ÝÑ |x|Ñ`8 0) and does not converge strongly in L 2 pRq, since for instance its L 2 pRq norm does not depend on ε. The same behavior, combined with some dispersive effects stands for (2.22). We start to give an existence result for the linearized equations (2.20). Note that it is not difficult to prove formally that if pζ, ψq is the solution of (2.20), then the following quantity, called "Hamiltonian" is conserved through time:
Therefore, we introduce the following operator:
Note that P has the same behavior as the square root of G 0 defined by (2.21).
Then, there exists a unique solution pζ, ψq to the equation:
Moreover, one has:
where e tL " 1 2ˆ1´i
The notation e tL refers to the linear operator of the Water-Waves, defined by
Proof Let us fix s ě 1, and pζ 0 , ψ 0 q P H s pR d q 2 . If pζ, ψq is a solution to (2.23), then ζ satisfies the following equation:
As usual, we take the Fourier transform in space of the equation (2.26) and we denote p ζpt, ξq the Fourier transform of ζ with respect to the variable X for a fixed t. The distribution x B t ζof S 1 pRˆR d q is equal to the distribution B t p ζ using the BanachSteinhaus theorem. We therefore get the following equation in the distributional sense of
It is then easy to check that the unique solution to this equation is given by
The desired regularity is easy to get by noticing that
with Pψ 0 P H s pR d q and that there exists C 1 , C 2 ą 0 independent of µ, ε such that:
The same method applies for ψ and one gets that if pζ, ψq satisfies (2.23), then necessarily:
It is easy to check that pζ, ψq given by (2.27), (2.28) is a solution to the system (2.20). l
The oscillating component of the solution of the linearized Water-Waves equations (2.23) appears in the explicit formula (2.27), but we need to prove an oscillating phase method type result in order to conclude to the weak convergence to zero and strong non-convergence. The phase ω is actually not differentiable at ξ " 0, which prevent the direct use of standards results on stationary phase methods. Proof One can compute:
It is easy to see that ∇ω does not vanish for ξ ‰ 0. It is also easy to show that ω is not differentiable in ξ " 0. But the derivative ∇ω stay bounded as ξ goes to zero. We treat separately the cases d " 1 and d ą 1. 0q are respectively the right and left derivatives of ω at ξ " 0. We then get the desired result. The same goes for the second integral of (2.30).
-Case d ą 1 We use the standard integrating by part method for the truncated integral:
where n j stands for the j-th component of the normal external vector at the surface |ξ| " δ. Now, one can check that:
and thus this function is bounded as ξ goes to zero. Moreover, one can check by computation that
as ξ goes to zero, and consequently this function is integrable at ξ " 0 (remember that d ą 1 here). Therefore, one can pass the limit as δ goes to zero in the formula (2.31) and get
Proof We prove it for ζ. We first assume that p ζ,
The weak convergence to zero is a consequence of the explicit formulation of the solution given by (2.27) and the Proposition 2.5. To prove the strong non convergence, one computes:
where we expanded the square modulus of the explicit formulation of p ζ given by (2.27). We can then conclude, using Proposition 2.5 to the following convergence:
and thus ζpt, .q does not converge strongly to zero.
For the general case, one proceeds by density of
Remark 2.7 As explained above, if ζ, ψ is a solution to (2.23), then the Hamiltonian
is conserved through time. Since 1 µ pG 0 ψ, ψq 2 " |Pψ| 2 2 , the strong convergence of both ζ and ψ to zero cannot happen (except for zero initial conditions). However, it would have been possible that some transfers of energy occur between ζ and ψ, with one of the unknown strongly converging to zero. The Theorem 2.6 states that such behavior does not happen.
Lack of strong convergence for the full Water-Waves equations in dimension 1
In all this section, we work with a flat bottom and in dimension 1:
The study in dimension 2 should however not be hard to do, if one gets a dispersive estimate of the form of Theorem 2.9 for the Water-Waves operator in dimension 2. In the previous section, we proved that the solutions of the linearized Water-Waves equations (2.20) weakly converge as ε goes to zero in L 2 pRq, and do not converge strongly. We now establish a similar result for the solutions of the full nonlinear Water-Waves system (1.9). To this purpose, we write this system under the form:
Remark 2.8 As suggested by the notations, the quantity f is of size Op1q with respect to ε (although it has a 1 ε factor), as given by the asymptotic extension of Grεζ, 0s given later in Proposition 2.13. We are going to treat the non-linear terms f, g as perturbations of the linear equation as ε goes to zero.
For this proof, we need to use a dispersive estimate for the linear Water-Waves equations with flat bottom, proved in [14] :
Then, there exists C ą 0 independent on µ such that, for all µ ą 0:
Remark 2.10 The dispersion in 1 t 8 stated by this Theorem is absolutely not optimal. Actually, one should expect a decay of order 1 t 1{3 in dimension 1 (see for instance [14] for variants of Theorem 2.9). However, the 1 t 1{8 decay suffices to prove the main result of this section.
In view of use of Theorem 2.9, we also need a local existence result in weighted Sobolev spaces, proved also in [14] . For all N P N, we define E N x by 
where C 2 is given by Theorem 1.1.
Proof In all this proof, we will denote by C N any constant of the form
where C is a non decreasing function of its arguments. Let us define pζ, ψq " pζ 
2.34)
and thus one has @t P r0; T s,ˆζ ψ˙"
We set A "ˆI 0 0 P˙a nd look for a estimate of the L 2 norm of A t pζ, ψq. The proof consists in using the decay estimate of the linear operator e tL of the Water-Waves equation of Theorem 2.9. More precisely, the operator F is "almost" bilinear (at least up to a Opεq order term), which allows us to control the L 2 norm of the integral (2.35) by writing estimates of the form
where C does not depend on ε, and with B a bilinear operator. The proof then consists in using a Strichartz type of estimate, using the dispersive nature of e itL , given by Theorem 2.9 to get a control of the remaining integral of the form We start to write F under the form F " B`εR where B is bilinear, and R is a least of size Op1q with respect to ε. To this purpose, recalling that F is given by (2.34), we get inspired by the following Proposition, which gives an asymptotic extension of Grεζ, 0s (see [12] Proposition 3.44) with respect to ε: Proposition 2.13 Let t 0 ą d{2, s ě 0 and k " 0, 1. Let ζ P H s`pk`1q{2 X H t0`2 pR d q be such that:
and ψ P H s`k{2 pR d q. We get:
where
We therefore write
where the second term of the right hand side satisfies the following estimate, using Proposition 2.13 with k " 1 and s " 1{2:
The second component of F (recall that it is given by (2.34)) is easier to decompose, and using Proposition A.1 one gets´1 We therefore get, using (2.40) and (2.42) (recall that C N is a constant of the form (2.33)):
We denote in the following lines p¨,¨q L 2 x the L 2 scalar product with respect to the space variable. One writes:
Now, note that Ae
itL is sum of terms of the form
iωpDq P iωpDq
P˙e itωpDq and therefore, we are led to estimate terms of the form
where f 1 , f 2 are terms of the form
One has to notice that the control related to the latter three terms can be deduced from the control of the first three terms since P acts like the square root ωpDq of G 0 . Indeed, one has
and there exists C 1 , C 2 ą 0 independent of µ, ε such that:
We now estimate terms of the form (2.43) using a similar technique as for Strichartz estimates for dispersives PDE's. One computes, using the symmetry of e itL :
Now recall that f i are of the form (2.44). We are not treating all the possible cases, but only the most difficult one (the others are treated by the same technique), which is
Using the definition of G 1 given in Proposition 2.13, one computes, integrating by parts:
We only control the first integral of the right hande side of (2.46) (the other one is estimated by a similar technique). We setf
and we now use the dispersive estimate of Theorem 2.9:
if one can prove the following controls:
One has, using Cauchy-Schwarz inequality:
where we used Proposition A.1 with ζ " b " 0 to control 1 µ G 0 ψ. We now focus on the most difficult term of (2.48) which is |xB
. We use again the definition of G 1 given by Proposition 2.13, and we control 1 µ |xB x G 0 G 0 pζG 0 pψqq| 2 (the other one is similar). One computes:
We only control the first term of the right hand side of (2.49) (the other one is similar):
Now, note that for all f P SpRq, one has:
using the definition of G 0 given by (2.21). Therefore, one has:
where we used the gross estimate |G This achieves the proof of the controls (2.48).
Conclusion: We proved
One can then take the supremum over t P r0; T s and get the desired result. l Remark 2.14 It is very important to note that according to Theorem 2.12 the linear effects are a good approximation in the rigid lid regime if the ratio ε µ 3{2 is not too large. For instance, if ε " µ 3{2 , the strong convergence of the solutions of the fully nonlinear system to the solution of the linear system is not true anymore. In this case, the dispersive effects would be at the same order as the non-linear effects, and one should expect a behavior of solutions similar to one of the Korteweg de Vries's equation (such as solitary waves type behavior, see for instance [3] ). In particular, it is no longer possible to treat the non-linearities f, g as perturbations of the linearized system. A more precise study should be lead, and one should consider as approximation of the full nonlinear Water-Waves equation an equation where the nonlinear terms of size ε are taken into account (see for instance [16] ). If ε ! µ 3{2 , then the non-linear effects are dominants on the dispersive effects, and one should expect breaking waves. This is the main interest of having a dispersive result of the form of Theorem 2.9 which depends on the small parameters.
It is now easy to prove the following Corollary: Corollary 2.15 Let pζ 0 , ψ 0 q be such that pζ 0 , ψ 0 q P E N x . Let denote T ą 0, pζ, ψq the solution of the Water-Waves equations defined on r0; T s of (1.9). Then, pζ, Pψq converge weakly to zero in L 
Using the definition of e tL given by (2.24), ζ, Pψ, are sum of terms of the form e itωpDq ε pζ 0 , ψ 0 q and therefore one has, using the dispersive estimate of Theorem 2.9:
and therefore one gets the weak convergence of pζ, Pψq in L 8 pp0; T q; L 2 x pRqq as ε goes to zero. The convergence is not strong in
x pRqq since the quantity
is conserved through time.
Now, according to Theorem 2.12, pζ, Pψq´pζ L , ψ L q converges strongly to zero as ε goes to zero in
L q converges weakly, but not strongly as ε goes to zero, in this space. l
Equivalence between the free surface Euler and Water-Wave equation
In all this Section, we do not make any assumption on the dimension, and we set the bottom to zero:
We consider the standard dimensionless version of the Water-Waves equations with flat bottom:
In Section 2, we studied the rigid lid limit for the Water-Waves equations (2.18). In order to complete the study of the rigid lid equations (2.16), we study in this Section the rigid lid limit for the Euler equations (1.7). To this purpose, we prove that one can build rigorously solutions to the free surface Euler equations from the solutions of the Water-Waves equations. Such problem has been studied for instance in [1] . The first problem is to define rigorously a solution to the free surface Euler equations. Because the free surface Euler equations (1.7) are posed on a domain Ω ε t which depends on ε and t, we have to be careful with the functional spaces used. The idea is that, by hypothesis, the height 1`εζpt, Xq of the water is bounded with respect to X P R d at a fixed time t. By continuity in time, we can include Ω ε t in a fixed strip S˚, which does not depends either on t nor ε.
We can then define rigorously what is a solution to the Euler equation (1.7): it is pU, P q living in a functional space like "continuous in time with value to a Sobolev-type space in X on the fixed strip S˚" such that there exists T ą 0 such that, for all 0 ď t ď T , the derivative (in the sense of the distributions of D 1 X,z,t pr0, T sˆS˚q) satisfies the equalities of (1.7).
Main result
In order to extract a convergent sub-sequence of solutions to the Water-Waves equations (3.50) as ε goes to zero, we need some compactness results. Indeed, a space such as Cpr0; T s;
We need a control for time derivatives of the unknowns. For this reason, the stated local existence Theorem 1.1 is not sufficient. We recall here a slightly different version, including time derivatives in the energy space. The following framework is used for instance to prove the local existence for the Water-Waves equations with surface tension in [12] Chapter 9, and in [15] for a long time existence result. We first introduce the following energy:
Definition Let N ě 1 and t 0 ą d{2. We define
(3.51)
with the notation:
Remark 3.1 -It is very important to notice that we consider here also time derivatives in the energy.
-We recall that w coincides as suggested with the horizontal component of the velocity evaluated at the surface.
We now give a slightly different version of the local existence Theorem for the Water-Waves equations (3.50) proved by Alvarez-Samaniego and Lannes (see also [12] Chapter 4 and Chapter 9): Theorem 3.2 (Alvarez Samaniego,Lannes) Let t 0 ą d{2, N ą t 0`t0 _ 2`3{2, and pε, µ, γq be such that 0 ď ε, µ, γ ď 1.
is defined by (3.51). We assume that:
Then, there exists T ą 0 and a unique solution pζ, ψq P Cpr0; T s; H t0`2ˆ9
T ε sq. Moreover, one has
with C i a constant of the form
We use from now on the notations H s,k for the Beppo-Levy spaces, and Σ ε t for the diffeomorphism from the flat strip to the water domain (see Section 1.5 for notations). We also recall that Ω ε t denote the domain occupied by the water at time t. We now state the main result of this Section: Theorem 3.3 Under the hypothesis of Theorem 3.2, let T ą 0 be given by Theorem 3.2. Then, for all ε ą 0, there exists a flat strip S˚" R dˆp´p k`1q; kq with k ě 1 and pU ε , ζ ε , P ε q where U ε " pV ε , w ε q in the following spaces:
with bounds uniform in ε in these spaces, such that for all t P r0;
T ε s, for all ε ą 0, the domain Ω ε t is included in S˚. Moreover, pV ε , w ε , ζ ε , P ε q satisfy in the sense of the distributions of D The proof follows these steps:
-We claim some regularity for the velocity potential φ solving (1.15) on the fixed strip S " R dp´1 ; 0q.
-We extend φ to a larger strip than S.
-We recover regularity for the velocity potential Φ defined originally on the water domain by φ " Φ˝Σ ε t , after defining it on a large strip containing all the fluid domain Ω ε t for all t, ε.
Regularity of the solutions of the Water Waves problem
According to Theorem 3.2, for all ε, there exists a unique solution pζ ε , ψ ε q to (3.50) on a time interval r0, T ε s, with T only depending on the initial energy (and not on ε), with the following control:
with C 2 a constant of the form CpE 
2) For all 0 ď k ď N´1, one has:
with C 2 a constant of the form CpE N pζ 0 , ψ 0 q,
Proof Recall that the energy is:
1) Since the time derivatives of the unknowns appear in the energy, the control given by (3.53) implies that for all 0 ď k ď N ,
N´k pR d qq, with the desired estimate.
2) Let us fix k such that 0 ď k ď N´1. We have to get a control of PB k t B α ψ by Pψ pα,kq . Adapting a proof from Lemma 4.6 in [12] , one computes:
where we used the definition of ψ pβ,kq given by Definition 3.1. We now use the identity |Pf | H 1{2 ď maxt1, µ´1 {4 u|∇f | 2 to conclude:
One already has by the first point that |B k t ζ| H N´k ď C 2 . Using Proposition A.1, we have |w|
We now control ψ pβ,kq in H 1 norm, for all |β| ď N´1´k. One computes:
Since |β`δ|`k ď N , the first component of the right hand side from above is controlled by a constant of the form C 2 . For the second component, we use the identity:
where C does not depend on µ. Therefore,
We now use as before Proposition A.1 to control µ´1 {4 |w| H t 0`1 by C 2 and we remark that |Pψ pβ`δ,kq | 2 ď C 2 for all |β`δ|`k ď N . We obtained the control:
with C 2 independent on the time. Taking the supremum on time over r0; T ε s, one gets the desired result.
l In order to define a velocity U " ∇ µ,γ Φ on the fluid domain Ω ε t , where Φ solves the DirichletNeumann problem (1.6) on the fluid domain, we first study the regularity of φ where φ is the solution of the Dirichlet-Neumann problem (1.15) on the flat strip S " R dˆp´1 ; 0q. We recall the relation φ " Φ˝Σ ε t , where Σ ε t is the diffeomorphism defined by (1.14).
Proposition 3.5 Let φ be the unique variational solution to (1.15). We have, for all 0 ď k ď N´1:
This notation is a bit heavy, but we have to deal with the fact that we only use integer derivatives in z.
Proof Using the notations of the Proposition A.7, we recall that:
φ " A ψ pζ, 0q.
By taking the derivative in time, B k t φ is sum of terms of the form: We proved that B
Using the last part of Proposition A.7 and Proposition A.8, we can adapt the previous proof to get
with the desired control for the norm. l
Extension of the solution φ
We want to extend the distribution φ defined on the strip S " R dˆp´1 ; 0q to a larger strip. This is the point of the following result: Theorem 3.6 Let s P R`and k P N. Let us denote S j " p´pj`1q, jqˆR d for all j P N. Then, there exists an extension
Regularity after diffeomorphism
We now need to recover regularity for Φ. Proposition 3.9 Using the notations of Definition 3.3, let φ be a distribution on r0; T ε sˆS with the following regularity:
with a C 2 bound. Letφ be an extension of φ on the strip S l , andΦ "φ˝Σ ε t´1 . Then, we have, for all k ď N´1: -Note that the regularity of U " ∇ µ,γΦ is given by Proposition 3.9
4 The lack of strong convergence from Euler to rigid-lid
We now have a proper set of solutions pU ε , ζ ε , P ε q to the free surface Euler equations (1.7), defined in the following spaces:
with bounds uniform in ε of the form CpE N pζ 0 , ψ 0 q,
q. In order to prove the weak convergence to the solutions of the rigid lid model, we need to prove some compactness results in the Beppo-Levy spaces in order to extract a convergent sub-sequence of solutions.
Compactness result
We recall that A ĂĂ B means that there exists a compact K such that A Ă K Ă B.
Lemma 4.1 Let k ě 1. We have the following compact embedding:
Proof The proof remains the same as for the Rellich-Kondrachov theorem, in the case of Sobolev spaces (see [5] ). Let ω ĂĂ S˚. 2) For the general case, let k P N˚and s ě k, let pu n q n be bounded in H s,k`1 pS˚q with s ě k`1. By the definition of Beppo-Levy spaces (recall Section 1.5), to prove the convergence of a sub-sequence in H s´1,k loc pS˚q, one must prove the existence of a sub-sequence pu ϕpnn such that for all 0 ď l ď k, the sequence pB 
and the following equations are satisfied:
We now prove the following Theorem: Theorem 4.2 There exists U, P, ζ distributions of D 1 pp0; T q; Ωq such that
are solutions in the distributional sense of D 1 pp0; T q; Ωq of the rigid lid equations (1.8). Moreover, the solutions of (4.58) converge in the distributional sense of D 1 pp0; T q; Ω ε t q to these solutions of the rigid-lid equation 1 In view of taking the limit as ε goes to zero in the first equation of (4.58), one must prove the convergence of the non-linear terms. We do it for the term V ε¨∇γ V ε . One uses the following estimate, which proof can be found in [12] Corollary B.5.
|f g| H N´3{2,N´2 ď C|f | H N´1{2,N´1 |g| H N´3{2,N´2
for all N´2 ě d{2 (which is true for our choice of N , since N´2 ě t 0`3 {2 ą d{2). Such estimate proves that V ε¨∇γ V ε P L 8 H N´3{2,N´2 , and therefore one has the convergence of this term (up to a sub-sequence) as ε goes to zero, in D 1 pp0; T q; S˚q. It proves, using the equation (4.58) that p∇ γ P ε q ε converges in D 1 pp0; T q; S˚q to an element G. By De Rham's Theorem, there exists P P D 1 pp0; T q; S˚q such that G " ∇ γ P . The same study can be done for the second equation of 4.58 and one obtains, passing to the limit as ε goes to zero: We now pass to the limit in the third equation (on ζ ε ) of (4.58). The same reasoning as before proves that pζ ε q ε converges up to a sub-sequence to a ζ P H N´1 pR d q in H N´1 loc pR d q. Therefore, the same convergence occurs in D 1 pp0; T q; S˚q, and pB t ζq ε converges up to a sub-sequence to B t ζ in D 1 pp0; T q; S˚q. We prove as before the convergence of the bi-linear term pV ε¨∇γ ζ ε q ε in D 1 pp0; T q; S˚q. Multiplying the third equation of 4.58 by ε 2 , one finds at the limit the following equation:
w " 0 in D 1 pp0; T q; Ω ε t q. Finally, one obtains at the limit ε goes to zero, the following equations: $ ' ' ' ' ' ' ' ' ' ' ' & ' ' ' ' ' ' ' ' ' ' ' % B t V`pV¨∇ γ`1 µ wB z qV "´∇ γ P in Ω B t w`pV¨∇ γ`1 µ wB z qw "´pB z P q in Ω w " 0 ∇ µ,γ¨U " 0 in Ω curl µ,γ pU q " 0 in Ω U¨n " 0 for z "´1 and the study above prove the following regularity for the unknowns: U P H N´3{2,N´2 pS˚q, ∇ µ,γ P P U P H N´5{2,N´3 pS˚q, ζ P H N´1 pR d q. The sequence pU ε q ε does not converge in L 8 pp0; T q; L 2 pΩq. Indeed, it would imply the strong convergence of Pψ in L 2 pR d q which is not satisfied, according to Theorem 2.6. l
A The Dirichlet Neumann Operator
Here are for the sake of convenience some technical results about the Dirichlet Neumann operator, and its estimates in Sobolev norms. See [12] Chapter 3 for complete proofs. The first two propositions give a control of the Dirichlet-Neumann operator.
Proposition A.7 Let t 0 ą d{2 and 0 ď s ď t 0`1 {2, ψ P H s`1{2 pR d q, and Γ " pζ, bq P Γ. For all j P N and ph, kq " ph 1 , ..., h j , k 1 , ..., k j q P H In Proposition A.7 below, we need at least the H t0`1{2 -norm of the component ph, kq, even if s " 0. The following proposition allows to relax this constraint, by using only the H s`1{2 norm of the first component of ph, kq.
Proposition A.8 Let t 0 ą d{2 and 0 ď s ď t 0 , ψ P H t0`1{2 pR d q, and Γ " pζ, bq P Γ. For all j P N and ph, kq " ph 1 , ..., h j , k 1 , ..., k j q P H 
B Extensions on Beppo-Levy Spaces
This section contains proofs of the existence and regularity of extensions used in Section 3.
Theorem B.1 Let s P R`and k P N. Let us denote S j " p´pj`1q, jqˆR d for all j P N. Then, there exists an extension P : H s,k pS 0 q Ñ H s,k pS j q u Þ Ñ P u such that: @u P H s,k pS 0 q, |u| H s,k pSj q ď Cpk, jq|u| H s,k pS0q (B.60)
where Cpk, jq only depends on k and j.
Proof We first construct an extension to H s,k pp´1, 1qˆR d q.
The proof requires a small adaptation from the case k " 1 which is proved in [5] . When k " 1, u is extended by reflection:ũ pX, zq " " upX, zq @z P p´1, 0q upX,´zq @z P p0, 1q.
But such extensionũ is indeed in H s,1 pS 1 q but is not in general in H s,2 pS 1 q since derivatives in z of u differs for z " 0:
B zũ pX, 0`q ‰´B zũ pX, 0´q
We should therefore define an extension which derivatives of order i ď k´1 have the same value in 0à nd in 0´. We are looking for an extension under the form:
P upX, zq " " upX, zq @z P p´1, 0q ř k´1 i"0 c i upX,´α i zq @z P p0, 1q.
